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Abstract: Thin metallic films bounded by two dielectric media can support long- and
short-range surface plasmon polaritons (SPPs). The dispersion relation associated with
these hybrid modes is given by a complex transcendental equation that can only be
solved numerically. In this paper, a simple approximate analytical solution for the short-
range modes is derived. To validate the proposed analytical solution, short-range SPPs
in a 2-D periodic array of small holes are studied and compared to full-wave simulations.
The results prove a spectral response in excellent agreement.

Index Terms: Plasmonics, nanohole arrays, theory and design.

1. Introduction
Metallo-dielectric interfaces can support bounded modes associated with collective charge oscilla-
tions that propagate along the interface and are confined to its vicinity: surface plasmon polaritons
(SPPs). If two semi-infinite media are considered, the dispersion relation of the SPPs is well known
[1]. This dispersion relation may be dramatically different when considering a bounded thin finite
metal film instead [2]. In this configuration, if the thickness is smaller than the attenuation length,
coupling between the SPPs on the upper and lower interfaces results in the formation of two hybrid
modes with thickness-dependent dispersion relation and opposite field distributions termed the long-
range (LR-) SPP and the short-range (SR-) SPP. For thick films, these modes become degenerate
and the dispersion relation in this case tends towards that of the SPP of a single flat interface [1].

In the present work, a finite thin film of thickness t and complex permittivity �2 bounded by
semi-infinite dielectric media of real permittivity �1 and �3 is considered; see the inset of Fig. 1(a).
The associated dispersion relation in this case shows a complex behavior and cannot be solved
analytically. For the symmetric case ð�1 ¼ �3Þ, the LR- and SR- modes can be studied separately
[1]. An approximate solution for the LR-SPPs dispersion relation can be found in [3]. However, a
simple closed-form solution to analyze SR-SPPs has yet to appear. If such a solution is to be
available, the spectral position of SR-SPP resonances could be readily obtained. These reso-
nances have been recently exploited in a wide variety of applications [4]–[8]. For instance, it has
been recently reported that SR-SPPs play a key role in extraordinary optical transmission (EOT),
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as well as in the design of absorbers [9], polarizers [10], or color filters [11], [12]. Likewise, they
have also shown promise in biosensing [13] and for implementing plasmonic waveguides [14].
Therefore, the solution proposed in this work has the potential to significantly simplify and speed-
up the design process of these devices while providing an intuitive understanding of the effect of
the geometry on the excitation of these plasmons.

2. Propagation Constant of Short-Range Plasmons in Asymmetric Environments
In the following and without loss of generality, the example presented in the inset of Fig. 1(a)
where the layers are parallel to the x axis is considered. The out-of-plane direction, which refers

Fig. 1. Dispersion relation of a 15-nm-thick silver film (gray scale) when the film is (a) sandwiched
between dielectrics with �1 ¼ 2:25 and �3 ¼ 1, (b) free-standing ð�1 ¼ �3 ¼ 1Þ, and (c) when �1 ¼ 11
and �3 ¼ 1. Darker colors correspond to lower values of the dispersion. The light lines in the differ-
ent dielectrics are shown as green dotted lines. The approximate solution for the SR-SPP is indi-
cated by the white dashed line. Inset (a): Metallic film with thickness t and permittivity �2
sandwiched between two semi-infinite dielectric media with permittivities �1 and �3. Inset (b) and
(c): Percentage deviation from the numerical solution in each case.
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to the direction perpendicular to the interface, is z. Since SPPs are transverse magnetic (TM) in
nature [1], they are better described by their in-plane magnetic field component Hy

Hy ¼ H0f ðzÞexp ið!t � kxxÞ½ � (1)

where kx is the in-plane complex propagation constant, H0 is a normalization constant, and
the propagation is assumed to be along x . The term f ðzÞ describes the z dependence of the
magnetic field so that it exponentially decays with increasing distance to the interfaces. Using
Maxwell equations, the non-zero components of the electric field are

Ex ¼ i
!�0�

dHy

dz
(2)

Ez ¼ � kx
!�0�

Hy : (3)

The tangential components of the magnetic field must be continuous at the interfaces. There-
fore, f ðzÞ can be written as [15]

f ðzÞ ¼
exp kz1z½ �; z G 0

coshðkz2zÞ þ kz1 �m
kz2 �1

sinhðkz2zÞ; 0 9 z 9 t

coshðkz2 tÞ þ kz1 �m
kz2 �1

sinðkz2 tÞ
h i

exp �kz3ðz � tÞ½ �; z 9 t

8>><
>>:

(4)

where kzj with j ¼ 1, 2, and 3 are the wavevectors in the different media and fulfill the equality

k2
zj ¼ k2

x � �j k2
0 : (5)

Forcing continuity of the tangential electric component, the following dispersion relation is ob-
tained [15]

tanhðkz2 tÞ �1�3k2
z2 þ �22kz1kz3

� �
¼ �kz2�2ð�1kz3 þ �3kz1Þ: (6)

This transcendental equation can only be solved numerically. If the thickness is small enough
so that jkz2 t j � 1, by means of a Taylor series expansion up to first order, the hyperbolic
tangent in (6) can be simplified to

kz2 t �1�3k2
z2 þ �22kz1kz3

� �
¼ �kz2�2ð�1kz3 þ �3kz1Þ: (7)

For a fixed frequency, the propagation constant of the SR-SPP is far smaller than that of the
SPP of each single flat interface

kSPP
xj ¼ k0

�2�j
�2 þ �j

� �1
2

; j ¼ 1; 3: (8)

That is, SR-SPPs satisfy the inequality kx � kSPP
xj for j ¼ 1, 3. This inequality can be expressed

as kz2=�2 � kzj=�j . As a result, the first term of the left hand side of (7) becomes negligible and
(7) can be reduced to

t�22kz1kz3 ¼ ��2ð�1kz3 þ �3kz1Þ: (9)

A similar reasoning can be applied to the LR-SPPs, where the term �1�3k2
z2 may be neglected.

Assuming �1 6¼ �3, the wavevector in medium 3 can be written as a function of that in medium
1, i.e.,

kz3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
z1 þ k2

0�
q

(10)
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where � ¼ �1 � �3 may take any real value. In this sense, (9) can be expressed as a function of
a single variable, kz1 . Additionally, if jk2

0�=k2
z1 j G 1, a further simplification of the square root in

(10) can be performed by means of a Taylor series expansion up to first order. Subsequently,
a monic cubic equation (11), shown in the following, with coefficients p ¼ ð2�1 ��Þ=ðt�2Þ,
q ¼ k2

0�=2, and r ¼ k2
0��1=ð2t�2Þ is obtained:

k3
z1 þ pk2

z1 þ qkz1 þ r ¼ 0: (11)

Such an equation can be solved analytically by means of the cubic formula. The associated root
corresponding to the SR-SPP is given by

kSR
z1 ¼ � p

3
þ A� 3q � p2

9A
(12)

where

A ¼ ð�2p3 þ 9pq � 27r þ BÞ13
3

ffiffi½p
3�2 (13)

B ¼ 3
ffiffiffi
3

p
ð�p2q2 þ 4q3 þ 4p3r � 18pqr þ 27r 2Þ

1
2: (14)

The complex propagation constant of the SR-SPPs can be obtained by simple combination of
(5) and (12)

kSR
x ¼ kSR

z1

� �2
þ�1

!

c

� �2
� �1

2

: (15)

3. Numerical Example: Short-Range Plasmons of a Thin Silver Film
Next, a numerical example is studied. The dispersion relation of a t ¼ 15 nm silver film in the
real k � ! plane when a vacuum superstrate ð�3 ¼ 1Þ and a glass substrate are considered
ð�1 ¼ 2:25Þ is depicted in Fig. 1(a). Additionally, the free-standing case ð�1 ¼ �3 ¼ 1Þ is shown in
Fig. 1(b), and a higher contrast case (�3 ¼ 1 and �1 ¼ 11) in Fig. 1(c). Silver’s complex dielectric
permittivity is described using a Drude’s model with �1 ¼ 1, plasma frequency !p ¼ 1:37�
1016 rad/s, and damping frequency !c ¼ 2:5� 1014 rad/s [16]. For the sake of comparison, the
approximate solution of the dispersion relation of the SR-SPP according to (12)–(15) appears
superimposed to the numerical solution of (6). In the short-k range, the agreement is excellent
for both the asymmetric ð�1 6¼ �3Þ and the symmetric ð�1 ¼ �3Þ environments, even when the con-
trast is as high as � ¼ 10. The second mode arising at higher frequencies corresponds to the
LR-SPP. The dispersion curves of both the LR- and SR-SPPs lie at the right of the light-lines.
These modes cannot be directly excited by normally incident light impinging from the dielectrics
because of their larger propagation constant [1], as is well known. The required extra momen-
tum can be provided via grating coupling [17], as in the example considered later in this paper.
To further evaluate the accuracy of the derived closed-form, the insets of Fig. 1(b) and (c) show
the percentage deviation of the approximate analytical solution from that obtained by numeri-
cally solving (6) in each case. Small discrepancies arise towards the long-k range, where
jkz2 t j � 1 is not perfectly fulfilled. The maximum error, which corresponds to the case � ¼ 10 is
below 11%.

The symmetric case, as shown in Fig. 1(b), is merely an special case of the most general
asymmetric configuration. In this scenario, the dispersion relation can be directly obtained by
simplification of the cubic equation (equating � to zero); (11) becomes linear and the solution
simplifies to

kSR
z1 ¼ �2�1

t�2
: (16)
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As in the asymmetric case, the wavevector can be substituted in (15) to obtain the propagation
constant of the SR-SPPs, Fig. 1(b). Note that (16) agrees with that reported by Raether in [1]
after approximating the hyperbolic tangent by its Taylor expansion.

4. Application to Hole-Arrays
As an application example of the proposed closed-form, a square grating of subwavelength
circular apertures with radius r ¼ 20 nm and periodicity a ¼ 500 nm perforated in a t ¼ 15 nm
film is considered; see Fig. 2(a). Such periodic array imparts the necessary additional momen-
tum to the impinging light for the excitation of SPPs yet supports the propagation of SR-SPPs.
The in-plane component of the momentum is jkkj ¼ jðkLx � nGÞx̂ þ ðkLy �mGÞŷ j, where G ¼
2�=a is the reciprocal lattice constant, and kLx and kLy are the x and y components of the inci-
dent light momentum. Considering that the equality kx ¼ kk must be satisfied in order to excite
SPPs, and that (12) holds, the frequencies at which an incoming TM polarized plane wave will
couple to the SR-SPPs can be obtained analytically by the solution of the two simultaneous
equations. To illustrate this, Fig. 2(b) shows the resonant frequencies of the two lower order
SR-modes for different permittivity contrasts �, maintaining �3 ¼ 1. To validate the approxima-
tion, the SR-SPP resonances calculated using (12)–(15) are super-imposed to the simulated
ones. The simulated resonant frequencies are obtained from the spectral position of the ab-
sorption maxima as given by CST Microwave Studio. Absorption is calculated as 1� T � R,
where T and R stand for zero-order transmission and reflection, respectively. The cut-off fre-
quency of the holes can be calculated as in [18] by simply exchanging the roles of the dielec-
tric and the metal. For r ¼ 20 nm empty holes, !co=!p ¼ 1:62, which is far above the upper
frequency limit considered here. Therefore, the holes do not support any propagating modes.

Fig. 2. (a) Proposed geometry. The plane-wave impinges from �ẑ. (b) Closed-form (dashed lines)
and simulated (solid lines) resonance frequencies of the lower order modes when the superstrate
is vacuum ð�3 ¼ 1Þ and the contrast between this and the substrate is � ¼ 0–4. The geometrical
parameters are t ¼ 15 nm, r ¼ 20 nm, and a ¼ 500 nm. (Inset) Approximate dispersion relation of
the SR-SPP mode for � ¼ 0–4. Lighter shades correspond to smaller contrasts.
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Thus, it is reasonable to consider them as weak scatterers. As shown in Fig. 2(b), the derived
solution predicts accurately the spectral position of the absorption peaks independently of
the permittivity contrast between both surrounding dielectric media. Increasing the contrast
leads to a red-shift on the mode resonances, which can be explained by looking at the inset
of Fig. 2(b). There, it can be seen how for a fixed propagation constant, higher � results in
the mode arising at lower frequencies.

The same 2-D square grating is subsequently embedded in a symmetric environment
ð�1 ¼ �3Þ. Such configuration can be experimentally realized by fabricating symmetric samples
or, more commonly, including index matching liquids [19]–[21]. Fig. 3(a) shows the simulated
angular absorption spectra when a plane wave is impinging from (’ ¼ 0�, � ¼ 0� 30�). There,
it can be observed that the derived solution is also accurate in the case of oblique illumina-
tion. Owing to the oblique incidence, there is an extra in-plane component to the wavevector
and the SR-SPPs hybridize into even and odd order modes, as shown in the scattering spec-
tra. To verify that the excited SPP is indeed the SR-SPP, Fig. 3(b) shows the magnitude of
the parallel component of the magnetic field, Hy , normalized to its maximum at !=!p ¼ 0:22
and normal incidence. As expected for the SR-SPPs, Hy exhibits a zero distribution inside the
metal film.

Thus far, any effects due to the holes, other than providing a mechanism for the excitation of
SPPs, have been neglected. The effect of increasing the size of the apertures is investigated in
Fig. 4(a). As it can be seen, for larger holes, the simulations increasingly deviate from the theory
due to the limited validity of the empty lattice approximation. The red-shift of the resonances
with respect to the predictions has been extensively studied in the literature [22]–[24] and is out
of the scope of this work.

The thickness of the metal film plays a key role in the dispersion relation of thin films and
thus, in the excitation of SR-SPPs. Moreover, the approximation derived in this work is thick-
ness-dependent and remains valid as long as jkz2 t j � 1. Therefore, the estimated spectral posi-
tion where resonance occurs is more accurate for thinner films, as confirmed by Fig. 4(b).
Above a critical thickness, the SR and LR-SPPs are uncoupled and converge to the SPP mode
of the single interface, as in (8), which is not well described by (16). To illustrate this, the disper-
sion relation given by (6) is solved for a t ¼ 300 nm film. The predicted normalized dispersion
curve of the SR-SPP according to (16) and that of the single interface appear superimposed to
the numerical solution of (6) in Fig. 4(c). The LR- and SR-SPPs are degenerate in this case,
and (8) is more accurate for describing the overall behavior.

Fig. 3. (a) Simulated angular absorption spectra at the ’ ¼ 0� plane. Lighter colors correspond to
higher values of absorption. The superimposed green lines indicate the theoretical resonance fre-
quencies of the ðn;mÞ order SR-SPPs. (b) Normalized jHy j distribution at the xz plane for !=!p ¼
0:22 and normal incidence. (a), (b) t ¼ 15 nm, a ¼ 500 nm, and r ¼ 20 nm.
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5. Conclusion
In conclusion, we derived a simple expression for calculating the dispersion relation of
SR-SPPs in both symmetric and asymmetric dielectric media configurations. The proposed
closed-form can be used to predict the associated resonances of this type of modes and hence
ease the design of SR-SPPs based applications. The dispersion curves estimated with the pro-
posed approximation and those obtained when solving the transcendental equation for finite metal
slabs find an excellent agreement in the short-k region. To further explore the accuracy of this
approach a 2-D lattice of subwavelength holes was considered. Within the empty lattice approxi-
mation limitations, the estimated and simulated resonant frequencies are in very good agreement
for normal and oblique incident light. Our solution remains valid as long as jkz2 t j � 1. Above a
critical thickness, the SR- and LR- modes become degenerate and the dispersion curves con-
verge to that of a single smooth interface, as suggested by the simulations.
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