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Abstract

In this paper, we present an analytical solution for an infinite strip having an eccentric circular hole when
the strip is subjected to in-plane bending at infinity. The analysis is based on the Papkovich-Neuber
displacement potentials and the solution is obtained by a proper combination of harmonic function in
integral forms and infinite series. The boundary conditions on both sides of the strip and around the
hole are satisfied using the relations between the Cartesian and polar harmonics. The numerical results
obtained are compared with those of FEM. A detailed stresses around the eccentric hole are illustrated
for the various size of the eccentricity and the hole radius.

Key words: Elasticity, Stress concentration, Infinite strip, Eccentric circular hole, In-plane bending,
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1. Introduction

The presence of defects in a material gives rise to stress concentrations that may cause either yielding or
cracking. Therefore, it is crucially important to know the stresses around the defects in engineering design
(Savin, 1960, Nakahara et al., 2001). Until now, the stress concentration problems of a strip with a hole or
an inclusion have been addressed by many researchers (e.g., Howland, 1930, Ishida, 1953, Ling, 1957, Itou,
1976, Theotokoglou et al., 1986, Lee et al., 1992, Horibe et al., 2008, Luo 2012). The stress concentration
factor tends to increase when an elastic body have an asymmetrically, or, eccentrically located defect. Thus,
the stress concentration caused by the eccentric defect must also be clarified to retain the sufficient strength.
Few researchers (Tsuchida et al. 1976, Tsuchida et al., 1978, Kawakami et al., 1980, Kawakami et al., 1981,
Horibe et al., 2007, Luo et al., 2012) have discussed for these problems since eccentricity makes the analysis
more complicated. Such asymmetric problems are practically important ones in engineering design and further
analysis is expected. In this paper, a solution for an elastic strip having an eccentrically located circular hole
is presented when the strip is subjected to in-plane bending at infinity. This problem was already solved by
Ling C. B. and Ishida M. using the Airy stress function, but a limited number of numerical results is shown in
the papers. Present analysis is developed on the basis of Papkovich-Neuber displacement potential approach.
The solution is deduced using the simple forms of Cartesian and cylindrical harmonics in an infinite series and
an infinite integral form. The boundary conditions for the strip are satisfied using the relations between the
Cartesian and the cylindrical harmonics. Several numerical examples are given to clarify the stress concentration
due to the eccentrically located circular hole.
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2. Method of Solution
2.1. Formulation

Consider the infinite elastic strip having an eccentrically located hole shown in Fig.1. Let the origin of
coordinates be at the center of the hole and the z-axis be normal to the boundary of the strip. Figure 1 shows
the Cartesian coordinates (x,y) and the cylindrical coordinates (r,6). The half width of the strip is taken as a

unit length.

1

e

a

r
A (r,0)

Fig. 1 Coordinates system

Therefore, without any loss in generality, =,y and r are regarded as dimensionless quantities by referring
to a typical length of the half-width of the strip and we denote the radius of the hole by r = a, both sides of
the strip by x =1 — b and z = —1 — b, where b is the eccentricity. An in-plane bending moment M is applied
at infinity as shown in Fig.1. The governing differential equations, representing equilibrium equations in terms
of displacements (u,v), are ( Nakahara et al., 2001)

2 0 (0u  Ov X
2 4 O (0u Ov\ X
Vu—|—l€_ 8x<8m+0y)+G 0 (1)
0 (O0u Ov Y
2 A T R
Vv—i—ﬁ_l 8y<8az+3y)+G 0.

where V2 = 0%/92% + 92 /0y? is Laplacian and k = 3 — 4v (for plane strain) or k = (3 — v)/(1 + v) (for plane
stress), where v is Poisson ~ s ratio. Following Papkovich and Neuber, the displacements can be expressed in
terms of the harmonic displacement potentials g and 1 as (Nakahara et al., 2001)

0
2Gu = 87(% + 1) = (K + D),
- @)
2Gv = 8—y(<p0 + xp1),

where G is the shear modulus, V2o = 0 and V2¢p; = 0. The boundary conditions of the present problem are
as follows:
(i) Normal and shear stress must be free on both sides of the strip x =1 —-band t = -1 —1b;

()= () =0

(%)x:—l—b - (%)x:—l—b =0,

where k = M/(22/6) = 3M /2, which means the maximum bending stress arising in a strip with the height 2.
(ii) Normal and shear stress around the hole r = a must be free;

(%)= (7). =0 @

(iii) Normal stress in y direction must be equal to the external traction kx and normal stress in z direction and

3)

shear stress must vanish at infinity;
oy =kx, 0, =0, T =0. (5)
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In deriving the required displacement potentials, we should consider that the elastic body consists of the
common region of two simply connected domains, i.e., the domain of a strip and that of an infinite body
excluding a hole, and we make use of the two groups of potentials, those which have no singularities in the strip
and those which have singularities at the center of the hole. Such potentials are expressed by the following
Cartesian harmonics and the cylindrical harmonics:

—1 —1 .
0o = — (K24 )k(ac?’ —3x1?) = — (K24 )krd cos 36,
(1] (6)
k k
01 = —1(1,2 —y?) = —Zrz cos 26.
cos mb & cos(m + 1)0
[II]{ 0o = k ZlA 1=k Y Bm%. (7)

wo =k ./OOO [wl()\) cosh A(z +b) + h2() sinh A(z + b)] cos Ay dA,
[111] (8)

p1=k /OOO A {1/13 (M) cosh A(z + b) + ¥4 (A) sinh Az + b)] cos Ay dA,

where A,,, By, and 11(A), ¥2(X), ¥3(N), ¥4(A) are unknown constants and unknown functions, which are deter-
mined from the boundary conditions, respectively. Considering the z-axis symmetry and y-axis asymmetry of
the stress field, we have selected the potentials such as the right-hand side of Egs.(7) and (8). The displacements
and stresses derived from Eq.(6) are expressed as

1 1
2Gu, = —gk {B-r)2>+ (1 +r)y’}, 2Gv, = Zk(H + Dzy, (©)

0, =0, oy =kx, Ty =0.

Thus, the potentials [I] yield the stress state that the strip is subjected to in-plane bending of M at infinity.
Bending moment M is given so that a bending stress of a lower part of a strip becomes tensile. Therefore, the
boundary condition (iii) is automatically satisfied, since the stress components derived from the potentials [II]
and [III] vanish at infinity.

Complicated equations such as Eq.(7) or Eq.(8) are used throughout in the paper. To avoid the careless
errors in manipulating those equations, we employed symbolic computation system Mathematica.

2.2. Boundary Conditions on Both Sides of the Strip
To satisfy the boundary conditions on both sides of the strip, we employ the following transformation
formula of harmonic functions:

9 1 oS} —1)m 00
CO;T = (D)1 / AL cos Ay dA CO:nTe = ( i)l '/ A LA cos Ay dA
sin mé 1 © (z>0), 0 1) m+1 (r <0).
= (m—l)!/O A Le ™A gin Ay dA 512:1 — (( —_ AT gin Ay dA
(10)
If we rewrite the displacement potential [II] into the sum of odd and even orders of m, i.e.,
& os mf cos 2mf e os(2m + 1)6
S cosmf _ Z Ay, bn:n Yk Z A2m+1%’
] " cos(m + I)Hm 1 cos 2m9 & ' cos(2m +1)0 (11)
=k 3 BN =k X B Sk S B
m=1 m= m=
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we obtain displacement potentials [IT] in the following Cartesian coordinates using the relation (10):

wo=k > m/ A2 =Le= A cos Ay dA 4 k Z (2 ;1 o A2Me=AT cos Ay d\,
[II — 1p] "' p "0 5 (z > 0)
o 2m—1 2m X y2m _—Az
gol—ka:1 5m — 1)) AT cos Ay dX + k Z 2m)l b A“MeT M cos Ay dA,
> Ay Ao, o0
wo=k > 7/ NI =LeAT cog Ny dX\ — k Z 2t A2 AT o5 Ny d,
[T — 1m] m=1 (2m = Do o (2m)t (< 0)
N X B m m
1=k > ﬁ = y2m-1 M cos Ay dX — k Z B ‘/ A2 cos Ny d.
=i (2m—

(12)

To satisfy the boundary conditions on both sides of the strip, we derive stress components from the potentials
[I], [III] and [IV] as follows.

! sinh )\} Y3 ()

(1]:) 1 :/OOO A2 [Coshk Y1(N) +sinh A o (N) + {(1 —b)Acosh A — £

. k+1 A\2m—1
—l—{(l—b))\smh)\— 5 cosh/\} a(\) + Z( _1)! (1=b)A g,

(13)
n Z o~ (1-0)A 4 n § S (1 b))\+ﬁ+1 B
( m)! 2m+1 L 2m—1)! e B 2m—1
00 2m—1 1
+ > —“"’”{u_b)H "; }Bgm cos Ay dA =0,
Tzy _ (2| _ B B . _F&—l
- —/0 A sinh A 41 (A) — cosh A ¥5(N) (1 —b)Asinh A cosh A ¢ 13(A)
r=1-b E
2m—1
{(1b)>\cosh)\ 1smh>\} (N + 2 e”(=0A 4,
m=1 (2 - 1) (14)
N Z —(-bA g f N e [ gy o g
( ) 2m—+1 (2m — 1) 2 2m—1
00 )\2m 1 -1
+ Z ( ) —(1-b)A {(1 —b) K 5 }BQm sin \y dA = 0,
o 1
(%) :/O A2 | cosh A 1 (A) — sinh A 1/}2(/\)+{—(1+b)>\cosh)\+ s sinh/\} W3(N)
r=—1-b E
oo 2m—1
+{(1+b))\sinh/\ il cosh)\} a(A) + Z ()\ 1)'6 —(1+A 4,
9] )\Zm (1+0)A [e's) >\2m 2 (14b)A k41 (15)
S AN E ORI o BN 1+b Bo
et = e M0 0r 5
00 )\2m7 1
+ Z @ ) (14r17)A{(1+b))\+FH2r }Bzm cos Ay dA =0,
Tmy _ oo 2 . . Kl_l
- —/0 A7 | sinh A 91 (A) — cosh A ha(A) — < (1 + b)Asinh A — cosh A ¢ 3())
r=—1-b E
—_ o) 2m—1
- {(1+b)/\cosh)\ ol sinh)\} Ya(N) = 3 Aie*““’)mzm

[e%s} /\2m (14+b)A [e%s} )\2m72 —(14b)A v —1
+ Z 6 A2m+1 + Z 78 (1 + b))\ + T B2m—1

jo%s) )\mel —1
_ ZO Tm)!ei(lﬂ)))\ {(1 + D)\ + KQ} By, | sin Ay dX\ = 0.
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Applying the inverse Fourier transform to Egs.(13)-(16), we determine the unknown functions (), ¥2(A),
¥3(\) and 14(N) to be

0o )\2m71

1)1)1()\) _ Z 767(1+b)>‘

(1+e2%) (e*’\ + (k — 2)\)6’\) 2bAeN(—1 4 ™)
Z2(2m - 1)!

2\ + sinh 2\ 2\ — sinh 2\

(—1+ %) (e”\ + (k — 2)\)6’\) 2bAeH (1 + eQbA)]
- 2m—+1

A2m

00 /\2m€—(1+b))\
X oam)

2\ + sinh 2\ 2\ — sinh 2\

)\2m—2

m=1 (2m — 1)!(4A2 — sinh? 2)\)

— 4bA\?(k + cosh 2)) cosh bA

+ {)\(KQ S1o4(1— b2)>\2> + (1 K241+ b2)>\2) cosh A sinh A} sinh b | Bay_1

2m—1
1 (2771)!(4:\\2 — sinh? 2)\) [{)\(/{2 -1-40- bz))\z)

18

+

m

n (1 et b2)>\2) cosh A sinh /\} cosh b — 4bA2 (s + cosh 2)) sinh bA | Baym,

[e's) )\2m71

A) = 8bA(A — cosh Asinh A hbA
P2(A) mZ:1 2(2m—1)!(4)\2—sinh22)\)[ (X — cosh Asinh \) cos

—9e ((m —1—2\)cosh A+ (k+1 — 2\) sinh /\) (2 + sinh 2)) sinh bA| Ao

o] /\Zm

_ —(A+b)A (] 4 (26X
2 @A — S22y le 1+

—2(1 — 4r\ + 8)\% + 4\ cosh 2\ — 2k sinh 2)) cosh DA 4 8bA(—2\ + sinh 2)) sinh bA | Ay, 11

(18)
ey )\2771—2 , i
t 2 @ = DI s 2 [{“ = EOAH A1 = 0N

+ (1 K2 4(1+ b2)A2) sinh A cosh )\} cosh b + 4bA2(# — cosh 2)) sinh bA | Bay_1

)\2m71

+ Y

3 4bX*(k — cosh 2)) cosh bA
m=1 (2m)!(4\2 — sinh” 2}\)

+ {A(l — k2 A1 - bQ)AZ) + (1 — k2 A1+ b2))\2) sinh A cosh /\} sinh b | Bap,

00 2>\2m71 ) 00 2)\2771
Ys) == 2 Gl T iEn Semnay) SO Azn = 2 ey (st A Aem

5 —2x _
- 9) cosh bA + 2bA sinh b
" mzzl (2m — 1)!(2A — sinh 2)) [ (677" + K 4 2)) cosh bA + 2bA sin

)\2m—2

Bom—1 (19)

)\2m71

3 20\ cosh b\ — (e~ 2\) sinh b | By,
e (2m)!(2/\—sinh2)\)l o8 (€7 + £ +2A)sin oms
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2)\2m—1 00 2)\2771

vald) = mZ:1 (2m — 1)!(2X + sinh 2)) cosh DA o mzzo (2m)!(2X + sinh 2)

sinh b\ A2m+1

o0 )\2m—2
— 2bAcosh b + (—e~ 2 2\) sinh b | Boyn_
- mzzl (2m — 1)!(2X + sinh 2)) [ cos + (e + £+ 2))sin 2m—1 (20)
oo )\2m71 .
e 2)) cosh bA — 2bA sinh bA | By,
* m2=1 (2771)!(2)\ + sinh 2) (—e + K+ 2)) cos sin S

Equations (17)-(20) indicate the conditions of zero tractions on both sides of the strip. If these equations are
satisfied, then boundary conditions, Eq.(3), will be satisfied for any values of the unknown constants A,, and
B,,.

2.3. Boundary Conditions on Rim of Hole
Next, to satisfy the remaining boundary conditions on the rim of the hole given by Eq.(4), it is necessary to
expand potential [II-1p] and [II-1m] in cylindrical coordinates. In view of the following relations of harmonics,

%) ()\,',,)271 ( )2n+1
cosh A(x + b) cos Ay = cosh Ab > o)) cos 2nf + sinh \b Z  2n T D cos(2n + 1)0,
—o (2n n+
. ( )2n+1 ()\T.)Qn (21)
sinh A(z + b) cos \y = cosh A\b nZO i) cos(2n + 1)0 + sinh Ab Z )l cos 2nd,

the resulting expansion is expressed as,

oo

po=k 3% ﬁ ( L7z (zpl (A) cosh Ab + 45 (X) sinh )\b) d/\> 2" cos 2n0

(111 — 0] k Z

n ) (/ At (1/)1( ) sinh Ab 4 1)2(\) cosh )\b) d/\) r2t cos(2n +1)6 (22)

o0

=k Z Qon 1" cos(2n 4+ 1)0 + k Y apnr®™cos2nf =k Y a,r™ cosnb,

n=1 n=1 n=2
o=k 20 @ ( 7y (ng(A) cosh Ab + 14 ()) sinh )\b) dA) 2" cos 2n6
MI-1]9 4% Z . BT 1) ( e (¢3(A) sinh Ab + 4 ()\) cosh )\b) d>\> P Hleos(2n+ 1) (23)

=k Z Bon_17*"cos2n0 + k Y o™ eos(2n +1)0 =k S Bur™ cos(n 4+ 1)6,
n=1

n=1 n=1

where

Qop = L/ A2 L1 (X) cosh Ab 4 4o () sinh Ab}dA

(2n)!
= Z [ I A2m mIIInB2m71] + Z [mIInAQerl] + Z [mIVnB?m]
m=1 m=0 m=1 (24)
= OIInAl + 21 [mInAZm +7nIInA2m+l +7nIIInB2m—1 +7nIVnBQm]7
Qgni1 = (% Y 77 AZTH (g (A) sinh b + 1h3(A) cosh Ab}dA
= 2_:1 [mI;LAgm —|—mHI;IBQm_1] + X_:O[mII{nAQWL-H] + z_:l[mIVlnBQm] (25)

= I AL+ 3 [T, Agpy +™I1, Agpp 1 +™1IT, Boyy 1 +™1V/, Bay],

m=1

[DOI: 10.1299/mej.15-00182] © 2015 The Japan Society of Mechanical Engineers




Horibe, Sakurai, Arai and Mori, Mechanical Engineering Journal, Vol.2, No.5 (2015)

Bon-1 = o / A2 {05 (\) cosh Ab + 4 (\) sinh Ab}dA

VLA + 3 [V Asm +™ VL Agnss +"VIL, Byt +™VIIL, Bay], (26)

m=1

Bon = ﬁ S A2 {4 (0) sinh b + w4 (A) cosh Ab dA

= VLA, + X [V, Aoy +™ VI, Agp i1 +"VIT, By 1 +"™VIIL, By,

m=1
We can express the terms of right hand side of Eqgs.(24)-(27) into
1 )\2m+2n 1
2(2m — 1)!(2n)! / 422 — sinh? 2\

mIn

[71 +4(k — 20N + e 4 2(1 + b)Acosh 2(1 — b)A + 2(1 — b)Acosh 2(1 + b)A

- n(sinhZ(l 4 b)A + sinh 2(1 — b)/\ﬂd)\, (28)

2m-+n)

—_— 1 I e
~(2m)!(2n)! 422 — sinh” 2\

[QbA(QA + cosh 2bA sinh 2)) + (—2) cosh 2 + i sinh 2)) sinh ZbA} d\
1 0o )\2m+2n+1
" 2(2m)!(2n 4+ 1) o 402 — sinh? 2\
{1 + 4Nk +2)) —e

—2(1+b)Acosh2(1 —b)A —2(1 — b)Acosh 2(1 + b)A
- n(sinh 2(1 — b)A + sinh 2(1 + b)A)}dx.

Deriving the stresses from the potential functions given by [I], [II], [II1I-0] and [III-1] and satisfying the boundary

conditions expressed by Eq.(4), we obtain two sets of equations for determining the unknown constants A,, and
B,.

(i) Normal stress around the hole must be free((o,/k)r=q =0 );

(%) ( A+ 2+ KBl — aﬁl> cos + (64A2 + MBQ + 2042) cos 20
r=a a

2a4
Jri‘é{n(n+1)An+(n1)(n+2) m+1)(n+r+1)

B, _ B,
n=3 ant? 2a™ 2 2qn12 (30)
1 1
+n(n—1)a"2a, + §(n —D(n—r—1)a""2B, o+ §(n —2)(n+ l)anﬁn} cos nf
= —%cos@ + 200839.
(ii) Shear stress around the hole must be free( (7,0/k)r=q =0 );
: 2 , 6 3(k+3 .
(%) ( Al + + KBl - a61> sin 6 + ((14142 + %BQ — 20[2 — 3&262> sin 20
& n(n—i—l) n(n —1) (n+1)(n+r+1)
A, By By,
+ Z,: [ a™t2 + 2an 2+ 2qn+2 (31)
1 1
—n(n—1)a" 2a, — i(n —1)(n—k—1)a""2Bp_o — in(n + l)a"ﬂn} sin nf

— —%sin&— %sin30.

By equating the coefficients of cos né and sinnf on the left- and right-hand sides of Egs.(30) and (31), an infinite
set of algebraic equations for the unknown constants A,,, B,, is obtained. Each set of unknowns is distinguished
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by a subscript n, which varies from one to infinity. We evaluate these unknown constants by truncating the
infinite number to n = N. The number N is set to 20 to satisfy the boundary conditions on the rim to at least
three significant figures. All displacements and stresses are obtained by the linear combination of the potentials

[1], [I1] and [III].
3. Numerical Results

In the numerical example, we assume plane stress. Numerical calculations are carried out for various hole
radii a, and the eccentricity b. Poisson ’ s ratios v is taken as 0.3 and hence k = 2.08. The preceding infinite
integrals are computed using Simpson’s rule of numerical integration.

To confirm the validity of the present method, we compare our numerical results with those of FEM. In the
FEM analysis, a triangular six node higher order element is employed and the strip is divided into about 8000
elements. Figure 2 shows the mesh pattern of FEM and von Mises stress contour obtained by FEM. Figure 3
shows the variation of hoop stress oy /k around the hole for a = 0.4 and b = 0.2. In the figure, it can been that
the present results agree well with the FEM ones. Figure 4 shows comparison of o4 /k for a = 0.2, b = 0.2 and
a = 0.6, b =0.2. For the larger hole (a = 0.6), it can been seen that the FEM results cannot be computed close
to the present ones. This is mainly due to the discretization error. To illustrate the effects of the eccentricity b
on stresses around the circular hole, numerical results are shown graphically in Fig.5h ~ Fig.7.

Figure 5 shows the relationship between stress oy /k and angle 6 (see Fig.1) for a = 0.4 and 0.6. The curves
in Fig.5 are no more inversely symmetrical with § = 90° and the value of stress (op)g=o becomes larger than
that of (0g)ep=1s00. Also, as expected, the eccentricity b has a small effects on the stress oy around the hole
when the radius a is small and a large effect when a is large.

Figures 6 shows the variations of o, along z-axis for @ = 0.2 and 0.4. For small hole (a = 0.2), it is seen that
the curves tend to gradually approach to a straight line o, = kx as * — 1 and that stress concentration occur
at the point A (see Fig. 1). On the other hand, the stress o, is more affected by the eccentricity b when for
largel hole (a = 0.6). For infinitesimally small hole in a elastic body under bending, it is well known the stress
concentration factor at the point A is equals to 2. In order to show the influences of the eccentricity and the
boundary of the strip on the stress concentration, stress (0g)r=q,9=0 (is identical with (oy)z=q) is considered.

Figure 7 shows the variations (0¢),—=q,9=0 With the hole radius a. When a is small, the variation is almost
same as the straight line (2a), which means the effect the eccentricity b and the edge boundary is little. But in
the range a > 0.4, the rate of the stress concentration remarkably increases.

Fig. 2 Meshing example of the FEM and von Mises stress contour obtained by FEM analysis (a = 0.4,
b = 0.2). Total number of elements in this example is 8537.

4. Conclusion

In this study we developed a method of solving asymmetric problem of an infinite strip having an eccentric
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1 . : :
—— Present Solution
% O FEM
o) (a=0.4,b=0.2)

0.5r
O_
_0_5_

_1 Il Il I

0 45 90 135 180

O[deg]

Fig. 3 Variations of oy /k on the eccentric hole with 6 for a=0.4, b=0.2. (solid line: present study, open
circle: FEM result)

0.5 T ' ' — Present Solution 1
le — Present Solution @) O FEM
O FEM (2=0.6,b=0.2)
(2=0.2,b=0.2)
0.25} 1+
2
=2 \®
> oF b ol
©
-0.25} -1}
05 45 90 135 180 Y 45 90 135 180
0[deg] B[deg]

Fig. 4 Variations of og/k on the eccentric hole with 6 for a=0.2, b=0.2 and a=0.6, b=0.2. (solid line:
present study, open circle: FEM result)
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Ge/k

-0.5¢

o 45 90 135 180 5 25 %0 135 180
O[deg] O[deg]
Fig. 5 Variations of oy /k on the eccentric hole with 6 for a=0.4 and a=0.6. The eccentricity b is taken
as parameter.
1 'b=0.0- 1
= . \
a=0.2 |
0.75 ¥~0.2] 0.875
-~
~ ~N
.05 0.4 60.75
o
0.25¢ - 0.625/
1 1 1 1 0.5 1 1 1
0 0.2 0.4 0.6 0.8 1 0.4 0.6 0.8 1
x x

Fig. 6 Variations of oy /k along z-axis with z for a=0.2 and a=0.4. The hole radius a is taken as
parameter.
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T
D
S 1.2t
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<
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o) 0.8
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Fig. 7 Variation of stress (0g/k)r=q,0=0 with hole radius a. The eccentricity b is taken as parameter.
The stress (0¢9)r—a,0=0 is equivalent to the stress (oy)z=a

circular hole when the strip was subjected to bending at infinity. Following an analytical procedure, we carried
out some numerical calculations for the strip with an eccentric hole, showing the stress distributions around
the hole and the effects of eccentricity b on stress concentration. On the basis of the preceding analysis, the
following conclusions are drawn:

(1) The analytical solution for an infinite strip with an eccentric hole is represented in a closed form using
the harmonic displacement potentials.

(2) The effect of the eccentricity b and the strip boundary are clarified through the numerical calculations.

The Papcovich-Neuber approach have an advantage over the Airy stress function one in the calculation of

the displacements. In the future, using this advantage, we are going to analyze the stress field of the bending
of an eccentric inclusion in a strip.
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